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B 71E REE

= NlEzshr#R

1. REEE
RS 5 SO 2 AR BT 5 20, ENESE i Farl, S AT
W A2 T B B S R A

JeR RIS E
AR R 1 AN, WA 3 DME AR R, H BN 3.

I —N R, 2 AN A I NI, TR 3+3=6 MR &
KA BT XA RS B R R A, B 1 AN
#E HE (Degree of Freedom, DOF) N 6-1=5.

BRI —A R, X E 5+3=8 MR, 15 =4 B RPIA R EREAL, F 2
LIRSS BrA 3 AN R BTRIR N 8-2=6.

4 R R R RIAR 5 2L 6+3=9 NARAR; SIS m B R = R BRI, A 3 MR,
BT LA H BN 9-3=6.

RULZEHE, N AP RATAIER, 2F & 6 A~ LA RS E RIR 8427 .

BARLEMIR Z SN B 55 2 A F R IR A, IXFERIR 7SI 7 A =4E2 18], FRZ Ny
KR

2. FEMARRMBHER
TEHERIAIZ BT, 7520 PR AR R —— B PR AT R AL 5

BEfRAAPR R [EEERIR L, BRBERIA —EE sl H b &

FENIE EBGE —DNERC (WMARASHE RD , B AR R A, WA EAE SR — P
i A% T BLRIR A

rp(t) = 1c(t) + 1p(0), [rep ()] = WAL

=
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ia'[ﬁ'r%%ﬁ‘]ﬁ“@%yﬂ{ep ez, 83}; ﬁéﬂ%ﬁﬁé\ )HT_’E%’ H*@]&E%%y
e e, =0, ee =1, (e, xey) - e;3=1
B 2 KRR 1Ly

et), j=123.

NIAAIZ BT, BEAR R bR HEREBE I (A ARtk (BRI M (FEED AA2, XAIbRHER:— Ei
ARIERA— e &, FAEERAZ,

ej(t) e (t) =8,  ejej(t) =1,  (ei(t) xex(t)) - e5(t) =1

SN TAX IZ 3 TR AP (5RMATEAINIZEE)) , 7ERIER IR N
1;(t) £ rp(t) - €}, j=123

B WA B IZ BT AR AL -

] 52 7E WA E AR R AP, (EREfR REALHR N
17 Erep(t) - ej(t) = 1ep(0) - €5(0), j=123

BER R IARAR, FERIPRRIE B AL

3. RER—R&iE3
T SXONBEER R BRI R ) A AR 2 B e

Ry “ei-ep(t), j k=123
MR NEESHRE . J7 R4 5% %[ (Direction Cosine Matrix, DCM)
Fl—NKEa, EHNSEZTOBRTEAR, WEZ KRS RN
a,= a-e =a-et)e,(t) e =Ry (t)a

d = Ra'

FRENIR AR R E S P AR,
Tp(t) = 1c(8) + 1cp(0)
AP RIS ke
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1pj(t) = 1¢j(t) +1ep(t) - €f = 1 (t) + 1p(t) - e (e (t) - ej = 1 (t) + 1¢p i ()R (L)

EAXFRERHR
Tep(t) = 1ep(t) - € (1)
& P AERER R AAKR, 1ep HAANR el — IR ERBERIAZ S, FTLA#E N,
rep(t) = 7¢p(0)
N TR, APt = O BEAR &R 515 IE AR AR FR T A
e;(0) = e}(0)
Rt=0)=1
A
7ep(0) = 7¢p (0)

FEENFEFER (t) & M BE R 2R B 2 A ARAR A AR RS, T3 K Ao

|75 (t) = R()7cp(0) + 7(D)|

B A S RIRASZE SV ) (Chasles) 7€ HE.
VR WK — BRI AT Ao i Ge st U s MIBE 2 RO P45
W SURE S, FAHEEAL.
UER: sk e %
R ¥ e; - e, (t)

O S NCHEUNA,  TASER AL bRl A HA, A2 SRR s FE R R TT .

= RHEEZET AR
1. BRI AR

(1) ¥zl F 0 1E A2 1
IR E X, (R

RRT =1, RTR=1

(2) 5 3h %6 FE (017 51 3%
WM ARG RBELTR, G =8

detR=1
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0] DA H
RRT =1 = detR = +1
R(0) =1

LAJ det R ()72 i 8] (3% 45 R H05 HH e 4518

(3) HeahFEFEAE NI Z B AR AR
Fesh3 a9 MERETT, 6 MISLAH, RN 3 ANE W BN EREEE SRR (01X 3 A4
AR, R R NIAIZZN 1 6 4N E I

15 9 MNHEFEITTR () AL, T2 LI T 18
leRkl = Sjk' detR =1

IBEN TR S Sylvester TR, BMER MR

2. fANBSH
FANE BB =AML S EUE N AR, X TR B P WrishiErE.

(1) WL % 5 5E 22
EHE NIARMERGE mFesh, WA - CERZIND Asha; sEFRERA, NIKRKE mizshiE
T o e s sh .

RRRLAE 1776 4F BRI ULATIEY] 7 64518, IR IR A 7 2t A8 i3 2 2.
WEW]: FEEFERE R = AMRHIEE (A, A5, A3}
Rd =Ad = da'R"Ra = |1|*d'd

/’{2_1 /‘11=1
RTR = 1} =S\~ =11, =e¥,y €[0,2n]
det(R—11) =0= 1, € R, 1, = 1} A3 =e W

Ay = TS L AL IR 20 9 S 5 R S 2 A
T AL RFAE T 2

Ep

PRI AT 24 5 iR SR R
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RHE R R B

(2) HeshHE b ALt 24
PR Bk SR T RSB TS5 N e, U
7=7+enxt

=1+ egnT = (dik + esijknj)rk

G HIEFEE A,

00 0 0 0 1 0 -1 0
xelo o -1), X=(o0o o0 o], Xs&(1 0 o0
01 0 1.0 0 0 0 0

7 = (13x3 + enjX;)7 = e“W%i7
GeETHNE SR B A IR L,
P = gXj ... g€NXjP = QM XjHdenXin _ JUnXjn _ oYX
Bt AR B R R mT A S AL
R() = ¥t = v

SR = YAF ARSI (Angular Displacement) . B B BTSH (Rodrigues Parameters) k£
#S¥ (Angle-Axis Parameters) o X IE AT B =ANIALT SABFR,

(3) HeahHERE R RIE X
FADRI BB R ) A 5

nRid

o

Xz

0 —Tl3 nz
efX-ﬁ=<n3 0 _n1>

_nz Tl1 0

A FEREX 5 FIRFIEE AZ{0, 1, —i}. EHELSE-PA S5 e HE,

e¥Xi = col + ¢ Xj; + ¢, X2
M7 FEH

e® =,
eV = ¢, + (P)e;, + ()%,
eV =co + (—ip)ey + (i) e,

ﬁﬁﬂj{co, €1,C2}s &

R() = e¥¥i = 1+ X2(1 — cos ) + Xz sinyh = 1 cosyp + An’ (1 — cosh) + Xy sinip
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nyn,(1 — cosy) + ny siny n3(1 — cosy) + cosy nyns;(1 — cosyp) —n, siny

< n2(1 — cosy) + cosy nyn,(1 — cosyp) —ngsiny nyny(1 — cosy) + n, sin 1/))
R() =
nyn;(1 — cosy) —ny,siny nyn;(1 —cosyp) + ny siny nZ(1 — cosy) + cos

Bl s % sh, HEE R 2
1 0 0 cosyp 0 siny cosyp —siny 0
Rx(!,b):(o cosyp —Sinll'),Ry(l,b):( 0 10 >,Rz(¢)=<sinlp cosy 0)
0 siny cosy —siny 0 cosy 0 0 1
B RE R 2
RQnR) =1
GeE i sh— e, FRTEE AR,
1EH T8k, T
R(J)Ez{1+X,§1(1—c051/))+Xﬁsinl,b}E=E+ﬁx(ﬁxz)(l—cos¢)+(ﬁxz)sin¢
= (- k)i+{k— (- k)id}cosp + (i x k) sinp
TE R i T 2759 e i 2 AR R B A 2

(4) fHALFE AN BE 28 M AH N
Rodrigues Z B MFR N AN, (HIFAH L AT VLR, ASREAG 8 5 1R 2= RE L 14
Mhn. H BCH A=

1 1
A,B _ ,A+B+5[ABl+5[A-B[AB]]+

e-e e

K
eV %ol X & o(P1+92) %
X5 AR.
BT T3 /NI B2 T N,
efr¥efrX = (14 - X)(1+& X)+0(2) =1+ -X+&-X+0(e?) = e+ % 4 9(e?)

(5) % 5hh ) ¥ 5)
FIEAbR RAEHQ € SO3), KREAMHFES M N
d - Qd, M- QMQ™?

Fe BN RERE ROZ AL R PR AR AL,

R@i) » QRWIQ™" = exp{Q(v - X)Q ™1}
A HIE

ij/Qkk/Q”ISjlk/l/ = detQ Ejkl

detQ = 1} = Q' Quw' Qur &'i't! = Ejra = ij'Qkk’Qu’(Xj’)k/l/ = (Xj)kl
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FeLAQji
= Qi Qu XD = Qji(X;),, = QXiQ" = Q;:X;

=0 )" = (e9) - X|

P A

[QRWMQ ™ = RYQM)|

BB L R R sl, e AL I — sl AN LA SR G B

3. EuLR fiIZ¥
(1) X
K% T AL 248, #iRNIRIE 308 H R Euler FA S50, {0 NIREE 3 20 il il = /NG ShAE R 2 X
O FE A AL bp 2R 22 2 Bl 0 I 4 8 o £

10

Oxyz - Ox'y'z';

@A A ——x Bl CROEER
W iEREO A, Ox'y'z — 0x"y"z"s

OBE R ARG 2" S I £ e e £

R

[R(,6,9) & R,n(P)R,1(O)R,(9)]

R — N REABERN > B,
FERRFENI AR Eh 2 Ja, XA R EAEE R
(I RS 7> SN R (¢, 6, Y)d -

FEAR RINEE 3 #h, HshZ BRI MBS L OMEAE GHiE. TR FHIM, 6 € [0, m] 2%
3 Hh S zEh e, FRONEFNF (nutation angle) ; ¢ € [0,2m) &5 3 fligezih e M, ol
33N M (precession angle) ; ¥ € [0,2m) & NIKRSEEE 3 fle WM FE, FRONVE A (intrinsic rotation,

spin angle) .

(2) FeH ML &R 1 3h
BAEAH

R,7 (IR, (OIR, (@) = {R, (O)R, (PIR,(8)™}R,/ (O)R, () = R, (O)R, (IR, ()
= {[R,(¢)R(O)R, ()" '1[R,(PIR,(Y)R, () ' I}R,(#) = R, ()R, (O)R,(¥)

(R(¢,0,9) = R,($)R(O)R,(}))|
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cos¢p —sing 0 1 0 0 cosyy —siny 0
R,(¢) = (sin ¢ coso 0>,Rx(9) = (0 cosf® —sin 6>,Rz(lp) = (simp cosy 0)
0 0 1 0 sinf cosf 0 0 1
ONIE e
cospcosgp —cosOsinysingg —cosfcosyPsing —sinpcos¢p  sinfsing )

R(¢,0,¢y) = (coswsintb +cosfsinycos¢p cosOcospcosg —sinypsing —sinbcosg
sin @ siny sin @ cos Y cos 6

RS —51, R RS 3 BT

BRI AT E o RS FIE T 715, BRI 5 SO Xl
R(a,B,y) € R ()R, (B)R.(¥)
(COS acosfcosy —sinasiny —cosacosfsiny —sinacosy cosasin B)

sinacosf cosy + cosasiny —sinacosfsiny +cosacosy sinasinf
—sinf cosy sin 8 siny cosfS

HAEZR(P)FIR (a, B, INE = AP RE =FIEE, 5 SIRM SR % R

a=a(®), B=pW) v=v{¥)
FTUAR(a, B, y) RE#E HLIESO(3) »

Tait-Bryan angles ¥ FH T TR gz ) 4k,
R(¢,0,9) = R (IR, (O)R, ()

EANAESIFRNEER A Croll, Bl BT o WA Cpitch, HhA: A  HiEfA (yaw, .
) .

(3) BRF7 A S H G . J7 1 T S8 GimBAL Lock
OMWII R EE, LBE2A NI E SR, #a REWAE BE, PR
BEAEZLH: B, (D

QONEZEEE, 26 = o, SHCHLTZMPEL, ATRESBOREAI, E%k
HUEHEE -

4. RV CHRFHD*

(1) F VYo & on e 2
B T AL BRHLAEX PR H FT ) SCARRR, 384 2 M 2 H00] DU IR IR IZ 23 (S5 30,
DU o Hi A e A EE B Fof
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H¥a + bios Vil EHIRE, JF B AT PRI O & i e A RS2 4k,
AR RO MR e e

Xf 3 4E7sIa], 5l 3 AN EBCRAL, AR RN RE AR
xiy + yi, + ziy
iy R G- HiERE 907,
i, = i3, iy = —i,
UE2EHE; JFHARE? = -1, B2, VUnEEREmN A

2 — .2 — .2 —_ 2 - - — . - — -
iy = i3 = i3 = iylyi3 = -1 & §jij = =i + gl

— AU TCHCH SRR A A, SRR O B A A &34y
H = {ao + a,i; + azi; + a3izlag, a1, a5, a3 € R}

a=a0+a1i1+a2i2+a3i3=a0+a'i

Rea = ay, Ima=d-1
a* ¥ ay—ayi; —ayi, —asis
PN DY TeEUH I

IFIRTERE90°, i

ab = (ag+d-)(by + b - 1) = (aghy — @ - b) + (aoh + bed +d x b) -

PUocH s, HMARRAT, (Hif 24 &,

(ab)c = a(bc)

IR 2
(ab)* = (aghy — @-b) — (agh + byd + @ x b) -1 = b*a*
VU e E SO
lal € Va*a = \/ag +aZ+ai+a}
lab| = \/(ab)*(ab) = Vb*a*ab = \/(a*a)b*b = |a||b|
VY e HL sy
a*
_1 d_ef
“ T e
W
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(ab)"*=b"ta?

W AR VY Jo g, W = 4k 73 8] 1) % 2 AH AL AR 6,
P xiy + yi, + zig
71 =qfqg!
@ =1=q'=q"
KA, JFH

= ~—11~—11~—1*1~—11~—1
Ref' =Reqrfq™ =-qfq— +5(qfq™)" =5q7q" —-qiq"" =0

BRAAE, PR IERZ A,
q-Dq~' = (RF) T
MR AL,

@6+ai—a5—a5 204102 — qoq3) 2(q193 + 9092)
R(@) = 2(q1a:+q093) aé—a?+d5—a5 2(92q3 — qoq1)
2(0193 — 90492) 2(0293 + 90q1) 9% —qf — a5 + 43

X X — L,
R(—q) = R(+q)

IESYA LRI TR, B
> 1.
() = e (37 7)
oty

q(F - Dq~* = exp (%lf} : ?) (7 ) exp (—%125 : ?>

5 I L.
1 :q(-)ﬂ.i’)q_l:‘r-l-{—I:E'll)‘l,')"‘l:l‘}""ﬁ
e’Be™® =B +[4,B] + [A,[A,B]] + -

PR . =>q('?i))q_1 =F-i)+1/)jrk€jklil+---ﬁ
l]' Ly _ 1]
53] =n3

= q(? . Dq_l = rlil - ll}j(Xj)lekil + .= [eXp(l[l )?) 'F] . i

X

10 / 42



R($) = exp(¥ - X)
SEP RN . KBV TTHCS = 5 R RSB HERE 2 1A), A7 A 6 — (K0 R
U R 2 R DU T E P AR AR e, A
pa(-Dg~p~t = )G - Dpg)™

(RMR(@7T) -T= R@PT) - T

[R(pq) = R)R(q)|

LAY TR eiE B B AR R I SRE RN AR ] CIRIZS) » PrUARATTST AR 2 AR w9 T R R = 2
ALK 27/ 8

S DU T RO B = 4R RR Q2 R R e a0, 1 52 DY e KU 5 DY 4 5] EG I 22 AR A8 2 AL i A 25

(2) MHooHcRsm s
QLN RN

QG , W LATERRRMGERIEZ IG5, TSI DY e BB T —, AT 4 25 rp e N R 22 B R
2, 1fj DCM SR ZiE F SvD I EE

O ELI TCAEH -
PRICAE R L TS A0 AN TR rh A3 22 N

=, RlEBshAEE

1. AEE
AR BN, I 2R T B P o

() =0
7p(t) = R(t)7p (0)

WA EAT W R R AR IS B P AR AR, FTRA P ORAEE + dei ZUFIAARR, 5o 20 As bR AR 2
— TN LR A,

7o (t + dt) = R(dP)7p(t)

R(t + dt)7p(0) = R(A@){R(t)7(0)}
R(t + dt) = R(d@)R(t)
R(dP) = R(t + dO)R™L(t)
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WA R AR B — L5 N,
1+X-d@ = R(t +dt)R™1(t) = [R(t) + R(t)dt|R™1(t) = 1 + R(t)R™*(t)dt

X-d@ = R(OR(t)dt

X FHIEEN

gl
I
|§i

QU
~

T2 SOSFRAEREX - 6(t) 2

X -@(t) = ROORT ()

FEG - dp/dt, ARETAEBEBOTLE,
MEFAFRNSE e, EaEEAT, TRAEEAE,

2. FEELRMETT N
T TE 53 N B A SR e T

exp{d(ﬁ1 )(7} exp{d@’z )?} = exp{(d(ﬁl +dg,) )?}

— _d¢)1 _, _dg
T 2T e

WAL TN -

3. FAVUCHECRA A
Y2 A 5E U

FEREAL N, FIFIAR RS SR AR AR R I AL @' (1) = &' - T, RJEH (AT

WRZ AR BLIZ B 2 T7 7D

AR, AT SRS SR I SN s Hq () -
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4. RANMBSERRINAEER
WR M S H o F e s,
R(t) = e¥®OX

transpose -

X @) = RRT——= —X-& = RR"

FIFHHFEFRHCR 3 A5

d 1—e2da

Ee“‘ze*‘( a(eiA )A ad, o B & [A, B]
HEAS

BT LS = 50 R R0
f(adzz) o (b-X) ={f(@-X)b}-X
FIAH LB mEE,

M Ti] Ja 1 B A 2R [ T 5 )

w . — . — Q1 .
(o) =0 - S ) e ()

w3

13 / 42



5. BorTz FF&E*
RSP ARSG (INS) 1, (RIS 2 BEE R A i A E BRI E & .

NTRIBLRLLE, RS

5 p-X
b=t
1— e %
VX 1. . 2siny—yp(l+cosy) - .2
—=1+-9y-X X
1—e¥X% +21’b + 2% sinyp (- X)

H Bortz L O,

- 2siny —yp(1 +cosyp) - o
©F 2rsny L Wx@)
AR SRARNIR 23
/INF JEE I AT S 25 v B

2sin) —Pp(1+cosyp) 1 ?
212 siny _EJ’ﬁJ’"'

1

123><5’+121/7><(1]3><5’)

N|

$z5’+

6. HEKRNASHRSKAERE
S FHBRBL A SR E AT SRR, f B BEAEAR R R K 7 B

@-X = RR" = R, ()R ($) + R,(PIR(OIRL(OIRE (d) + R, ()R (OIR, (WIRT (YIRY (BIR] (¢)

SEI5E,
R, (PIRL () = X5 = p&, - X
Ry (O)RL(0) = 02, - X = R,($)R,(OIRL(OIR] () = 6, - X
R, ()R (O)R,(WIRL W)RL(OIRL () = &, - X
F R

11969 FME LIRS, MRRT “RIFME” . “FHHERZE” KET 1971 F:
J. E. Bortz, "A New Mathematical Formulation for Strapdown Inertial Navigation," in IEEE Transactions on
Aerospace and Electronic Systems, vol. AES-7, no. 1, pp. 61-66, Jan. 1971, doi: 10.1109/TAES.1971.310252.
NASA 32 B 1) 75 B vk e LT H o 8 0¥ {8 P AR M e B, R I o 0 g 9 B T B Lt
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1 cos ¢ 0 sin¢ sin 8
é, = R,(¢) (0) = (sin ¢>, é,n =R, (O)R,(p) (0) = (— cos ¢ sin 9)

0 0 1 cos B
Wy 0 cos ¢ sin¢ sin 8
(wy> =&, + 08, +Pé,n = ¢ (O) +6 (sin ¢> + (— cos ¢ sin 6)
Wy 1 0 cos @
0 cos¢p singsinf é
= (0 sin¢gp —cos ¢ sin 9) 2]
1 0 cos 6 P

Wy =sin¢ § — cos ¢ sin O P
w, = ¢ +cosf

{wx = cos ¢ § + sin ¢ sin B
I L AE BEAR AR R 22 0 B 73 B 2
@' X=RY(& -X)R=R*(RRT)R =R7'R =R"R
XFECI I R )RR A

@-X = RRT = —RR"

AR FAERTESRTR > R & ¢ > —,0 > —0,9 > —¢, WJFHRELU(-1D),

w, = sinf cosp ¢ — siny §
w3 =cosO P+

w1 sinfsiny cosy O ¢
(0)2) = (sin 6 cosyp —siny 0) 2]
w3 cos @ 0 1/ \y

ERINIA Euler 1232 542

{a)l = sin@siny ¢ + cosP §

R fEBER R 1) Euler 18323 7572, 13
/ sinyp cosy O\

) sin @ sin @ W1
6 |= cosy —siny 0 || w2
Y cos 0 siny cos 0 cos P 1 w3

sin @ sin @

PEAFT TR S, (HAE6 ~ OIF2RAL, T Bortz J7 RN ANAFAEIX AN ki

7. Rtk EAEREE R EER
P e A s A0

7p(t) = 7ep(t) + 7 (t) = R()7:p(0) + 7 (t)
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PO TR

Up(t) = R()7¢p(0) + U (2)
= R(OORTOR®)7p(0) + T () = (B(L) - X)Fep(t) + De(t)
= w(t) x 7ep(t) + v (t)

8. BRI
W I 2RI — BOESRA, W40 3 2%

(L Fgh (20 ¥3) CHBED . (3) Bigizz).
W (1) @) = 0 F3h.
13 (t) # O,
Uy = @(t) X 7p4(t) + Ve (t)

T A BT BRSO BUEEE . BB, 5B —Iw(t) X 7, (0 7] LLEE T S 3
HTo@MRE. TREEA M, HKET.@)W, Fo,EES@) T RS EAE, X

(2) #Hv, =0, WNIEABENESIRE, + A0, B EEE R
Bp(t) = B() X Fyp() +0=B X (B + 2B —7,) =0
X — I ZI WA Sk il A 2l 5 5 5

(3) Frvg # 0, MAKIFIRIEES), EVSRBHEHT, + ASEEDRIRINT, SEIERIEH 77 1 DL v,
¥

HEWR XNIARF I PATIZS), MEEARER, DFEEME— KB L.
oA BE A AR IR R KL (I, WRONASARRRIEE, R AS KR 2 (PR 9 28 IR -

Bl KRB BREA0R S, 5 SYM IR mUR BRI s bl . AR R 425 BN
—AE, AR AL (BB .

9. FMEE
TEME B, I 5 A

—

*(t) def dw
& = dt
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R IR R E R

WA b A — ] R I

LAt d "
aP = dt :E{(/)(t)xrcp(t)-l'vc(t)}

= &) X Tep (1) + B(®) X (RO (0)) + dc(D)

= 8(t) X Tep(t) + B(t) X (B(t) X 7p(t)) + dc(t)

3 W HINEEBNEE IR (R EE E EAFBh A I -

-

M. ER¥E%3

1. BIREKE
PP 3

T = Z%mPAPZ = zp:%ml’[a(t) X 7ep(t) + Ve (8)]?

1 — - 1 - — - -
7= SmplB© X Fep(OF =5 ) mplied = (@ - 7ze)?]
P I4

T'= Z mp(ip1 — Tepilp)
P
W WA PR 2 Bh s e 2 om

T = Eljkw](l)k

XESER TR A, iR E

lje = ﬂf p(x,y,2)(r?*8, — rym )dxdydz

W FaBEKENI, IEE (BT RESE - FELIHEL) .
HER AT

T=T, + M(721 - 7,77)
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X T2% i C Az BN

/= ZFCP X mpTep = Z?CP X mp(@ X 7¢p)

P P

Ji= z EijkTep,jMpERINWiTecpn = Z rCP,ijwerP,n(6i16jn - 5in5jz) = Z mpa)l((?”?gp - Tcp,ircp,z)
P P P
=
Jj = ljxwg
MAshE—RA S AIEE AT,
AR ZE AN, BRAEEAT, HERIMEAR, AshE. HHEHEAR.

S E AN FE R UL RE A A AR R T3, BT AR VE R TH S AEIVE R R o S, TR
fEIE 3, s RS 80 Aip (x, y, 2) BERS A 4240, [, BEZ TAS s AR R F it e, [ R %4,
SHITER -

2. REKREN T
P, IESE R SRR BRAERE, T LLR A ¢ IEAZ SRR f k. %

Id = Ad
FHEEMCNEEINRE, FHERFONESR; = A FHMHIEAS (Sylvester R EELD
FEARALBR R AT DUEE T Sl Ahbrdh, B REHAFRR, XIS Xt Mk,

I = diag{lll 121 13}

1
T=E§kwﬁ Ji = Lo (FEFRIAKAD
j

3. REMEER
* 8 s e,
T ==,
55— T ¥ 53l e LS
1 1
T = Eljkijk = Elnw = In = Ijknjnk

E1bi:
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a
o
Y

A=

=i
Il

In = Ijknjnk
= 1 = Illxz + 122y2 + I33Z2 + 2[12X_’y + 2[13.XZ + 2123yZ

AT REVE [ il T AR 1B A ER -

FREAER B S SRR BRI B ER RS p = J%

FFEAR: mk? =1, = k =/I,/m

4. EREFKB1ETTE
fEREN

s[y] = ftz {%Ijkijk —V[t, ?Cp(t)]}dt

ty
R P Ay s RN, T T R B M AR
X - @=RR"=X-d@ = (dR)R" = X - 6@ = (6R)R”

= 6R = (X - 5¢)R

HAMBRDTRERN,
dg e$i—1lp_x=>6_, e$2—16$
—_— = = = = — = .
dt Y-X ¢ ED ¢
H T
e$')?—1
det————=# 0
Y- X

Al WS @& 3 ANMAL AR 5) o
EfEHERIAH, FIREIIIZ N
1 1 d d
5(Eljkijk> = 5(511"1(0’1"“’;() = [w;j6w; = 6w} = [ Swy =]k6% =]ka5¢k
TEXNHEH R SE, EaEs, WARATUNE, Bl

1 3
5 (Eljkijk) ~—J]-6¢
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5 S av R v L, L
SVIt,Tepl = ) —— 0Tcp = ZT(‘SR)T’CP(O) = Z 5 (X ) 5€0)ch13(0)
= 07cp = 07cp = 07cp

aV = —\ > =3 — - — - 2
= aT'(X‘&P)rCP:_ZFCP'(5<PXTCP)=_5<P'ZrCPXFCP
7 Olcp P P
=-M 5@

Horh P S T2 10 70 Fogp RN FIT 32 10 6 088 M UM

S ov — S
Fep ¥ —5—, =efZT_";:PXFCP
07cp =
MZAH
- t2 5 —
5S[9] =ft (-] + M} 65de
1
D] L e 5 iR P 25 Y 3B 3 T A
a -
Z M
dt

B £ 5
5. EULERBI IR
B = Mhiss, RBERNSE.

ERAEMER, J; = Ljw;, Tl ERER AR, TP RRE . KESCS R R P
i, S UBEE, NIEMILFREAR Y,

M,
R_lﬁ B <M2>
M;

df d e d ,

-17 _ T (p-17\ _ DT — _ (p-17) _ T -1

R 2= 2 (R]) - K] = = (R™]) = (RTR)(R i)}
R'R=1=>R'R+R'TR=0

df d . d
-17 _ = - -1 - ~

R7 == (RY) + (RTR)(R™Y)~ 7)o + (@6 Xp)acle

Ja F €apcwp]e = lop@p + Egpcwpleqwa = Mg

TEBfA & (by Lagrange) H

=

Y @ xj =il

o~

Ej_:ﬁﬂﬂélé*ﬂ?/%’ Ji = Liw; (ﬂﬁkfﬂ) , 15 Euler ij]jj%ﬁ%%’

L, — (I3 — I))wsw; = M,
Lz — () — L)wiw, = Ms

{11d)1 = (I; — B)w,w; = M;
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oA IRt Euler BJIETT R RIS AL, AN LB A —— ] DU AR, SRE AR

NIZBN T R NI L ZS .

6. AHXTTHRE
TR (4 S A, W TR R B HGE Y, BT R B B ATEME R AR (%
E_d,i
T dt
TERER ZR ORI D) 70 B 2
E'I_d/i), —/ jl
=t +w X

7. BHSHERTRACE . #ENDEE
HIRLEEHSE RPIBHMT L, FUSERIE L, Jf BT RIS,

S5 AL AT (8), W PHIDIEE A

7p(t) = 7c(t) + 1¢p (1)

FOH
ﬁp = f]’c + EFCP
L, Lo d
Vp — V¢ Ercp
I R ARG 3R

d
=7/ 4 d ) ! 4 =7/ 4 ! d )
Up — Up = —dtrcp + @ XTp =Vr+ Vip+ @ XTép

TRP MR R R, RN RN

d
%:55+5%P+Wxﬁpzﬂ+v&+wwd@

PAE=X

T PILFELAR (L), ARBIVIBIE R
17P=ﬁc+17€p+5XFCP
A A rRORE X 1 E SN
) d

Uep = R—7lp + 1,
CcP dt CcP dt (0

HIAEDGS TR A ZR AR AR SRR A L, AR E R AR Bl LR (08
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WL R E = FHEERE + M RE + HFhEER

m,

X2 0] FE 2 SUHOR =,

-

Up—ﬁczﬁcp‘kaxfcp

d
y—de=—Wp— V) =—Tep+ & X7,
p = e == (Fp = 56 = - (Fp + @ X icp)
2 BE 1A 2R 1R 70 i 12
d
5}—52=Eﬁép+5'X17'CP+E(5'XFép)"‘B'X(B'X?c'p)
bdd a4
_ o L . o drep o,
=depp+w XvCP"'WXTCP-l'w X ot + o' X (0 X 7p)

=depp+ @ XUip+ & XTp+ @ XVpp+ o X (0 XPp
=8 XPp+ @ X (@ X#p)+drp + 20" X Vip

FeLAR(t), HRUBRTE R,
C_ip =dc+§X7_:CP+5X(5xfcp)+acp+zaxﬁcp
i L I B X I B ) 5E SR

2 2
- def -y -
dcp = RWTCP * gz 'er

g

Wt ik = Ry ik + ket B+ () ek 4+ A X Ak B
+ Coriolis #mig &

MEMS L R GE, FEURAX, A Coriolis s 5l £ S5

FH. EuLer PBIE
A, FHARE M NI, 78 B B RS RR PR .
1. HEHE
ja + EqpcWp]. = 0

Loy = (I — I3)wyw;
L, = (I3 — I;)wsw,
Loz = (I, — L)ww,

2. BHIRRS
HEsheeiE: FIKEANEH,
22 / 42



FashBFIE: RIREEIR, R AR BRI R, J? = W R
BRERK) .

3. RfF
R YA F 0y, 0z

{ Pw? + Bw + 2wk = J?

1

i H
|{w2 _ (I, — w3 = 2T + J?
' (h = I
, (L —I)Lwd —2LT +J?
w3 =
\ U — DL,
RN = Euler B 152
dw3 11 - 12
FTI A

A BITT A H ws (8) (IR Rt R . S84S5 REAN Euler 12322 5 B W SRAT A1z
% B LA o

4. 73 7E MR PEARAX
Wl <1, < Iy, %I Euler 1 /1% R R M, WEL, LT KSR EN, WL
MDA ER. (BRI EHED)
TeAN A NI, BRBLE) % A
Loy = (I; — )w,ws
L, = (I3 — I))wsw,

Loz = — L)ww,

® ﬁD%%ﬂgéEﬂ‘ZumU%/&Z$ﬂﬂ$§ﬁj’ w1, w3~0, W, > wq, w3, i

Ly = (I, — L){w,w; + w03} = (I, — 13){ W3 W W3 + Wy I
2 3

I3 —1 I —1
U1 , G z)wz}wlz(lz_lg)

I 3 I z

(I3 - L) (h - Iz)w © }

L -5L)
W3 Wy

= (I _13){

3
(I)l = J—_E;E&Xw]_

IR

2 W[B% HH WffalR2E, (R IEEAEE (8 ), F4EF 7.
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y . . (I —I5) ;- 1)
I3és = (I; — L){w,w, + wi@,} = (I; — 1) {%wzwswz + wl%‘%wl
1 2

I, —1 I3 =1 I, —1
=1 ,, G 1)w2}w3z(11—12)(2 )

I 2 A 1 I, 2W3

= - 12){

@5 = IEH X w,4
w; (1), wz () KRB, WA F o BB e 125 SR A 77 1) ANARE
o WURVIIEIN ZINMAIT 1A D), 0y, w3~0, @y > wy, ws, N

(L - 1) )
I

Lé, = (I3 — IN{wzw; + wza,} = (I3 — 11){ W1 WrwW1 + W3

= - {11 I_ L (L — L)w? + 121;13(11 - 13)w§}w2 = _Il I_ L (I — wiw,
3 1 3

= ﬁlé& X w,

ke
I3é; = (I, — L) {(12 [_ fs) w% + Us I_ L) w%} w3 = (I — 1) U I_ h) ‘U%w3
1 2 2

= ﬁé& X w3
w1 (1), w3 (OB R =AREE G, NI T R RREAA ., fr
e gE RS . Lyapunov stability
WER—NENTTRG, VI EPETS BT AR — AR, 2GR (e PR A T, AR
I A AR T R AR T
®  RAIMEI ZINIANT3HAEEN, Wy, w~0, w3 > wy, @y, N

Ly = (I, — I3) {13 [_ h w% + h [_ & w%} wy = (I —1I3) Lh w%“ﬁ
2 3 2

L =1 I, —
L, = (= ) P20 + 2
3 1

12_13

I
s w%} Wy =~ (5 — Dwiw,

1
@y = M X w,, &, = MBI X w,

w1 (8), w, (O)KHZ =R ERT;, WIR AR EETT R AR AR . F2E

KA, WFREERRL = I, # I;, #5ITFURRHY 1 Bhiess,

I, — I3
(L - 13)(“%‘02 ~ 0
1

(11 L)wi +

. L 2 — I3
Lo, = _{ I (- 13)“’%} Wy = —
1

13
w,(t) = &t

ARaE; RAUSH =4 s e e m.
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EREMEREERTE, I = I, = I, NIRRT AR AT E 1 .

5. BRETEMREMHER BB
EEHALPR R, FEEhRe ST IH,
Lw? + Lw? + Lw} = 2T
AR EARERTTRE A

lez + Izyz + I3Z2 =1 (*)

Ft A% = @/V2THEM ik L.

B RAT? = HHL

Rw?+ 2w+ Fwi =)?

B (GEAzhi) Whskimn s fE

2
I2x? 4+ 12y% + 122% = é—T (%%)

W 5 14 L30T T AR A 22 2

6. Poinsot X BRHi FE 88 i JL AT # iR
EUGEM: MR AR BT, 25 (VR — N R T (GRET fEh )
e P R 5 R A 2 A,
LA _ 3 _ &
T Vie YIT
1F ot 2o ST

MERRTEE 58 1R s MSe 3-R A sh R E M, S8 2-FF s A REm, X
55 i TR P2 B 75 R 45 B I R A 52 B — B
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1 = lel% + Izyg + 13Z5

P RALYIFI M A (hxy LYy 132p), DIPIHITREN

(hxy Ly, Lz,)-7=c

P YT, Hip e

(hxy Ly, I3z,) '7_";, =1l=c=1

U AL 3k R R TR

X
(lep Izyp Igzp) <y) =1

zZ
7 TR A CITAD b
WEARBIIRR, J; = ho; = V2Thry o ity = (W% LY, Lzp) (REFFARAD
PAT T .

FEM I BT R K, XU B ) T 7 B R 114 7 6] A B ) X3
i. VIPER o & (EA) WS GIE) A48
., Vi T 2T 2T
OP =5 =% S=— S=—3=—5 =%
A~ TV i v
B2, VFPEERERFEIEAS), REMEREASSPEH L/ELE RS

7. XHAREREE FER
(1 REsh IR

WREEIRNARIN, L = L, WE LR RIS 5T R

0="1ha, — ;- )wsw,
0= I3d)3

{0 =Ly + (3 — wyws
H 28 =TT RS
w3
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SRR N

o 5 1_1 h w3
N ITRERA
{a')l =—Quw, _ {wl = —-0%w, R {wl = wy, cos(Qt + a)
W, = Qw, W, = —Q%w, |w; = wp,sin(Qt + a)
TN 3 B R R

— 2 2
w = fw3+wh

FETAL A R A A RO I P B (B K wy) DU QAE R AT 3] .
(2)  KRffsah¥Irfe

EEIMRIE R p A ETE, BRI R B 25716 .

XN ERE VR AR R P IS E D BN

(-

(COS ¢cosyP —cosBsingsiny —cosBcosyPsing —cos¢psiny  sinfsing )T (0)

cosysing + cosfcospsiny cosfcospcosy —singsiny —cos¢psinb 0
sin @ siny sin 6 cosy cos 6 ]
Jsin@siny
= (] sin @ cos d})
Jcos @

Th
; d
0=1Lw; =] =]Ecosl9 =>0(t) =0,
HiEmsh A, RA SN E MR, PRz RS .

¥

W, = wy, sin(Qt + a)

w; = wp, cos(Qt + a)
w3 = cos By + P

RN Euler 12382 )7 FE,

w, = sin B cosy ¢ — siny 6

{wl = sinfsiny ¢ + cosy f
w3 =cosO P+
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wy, sin(Qt + a) = sin B, cosP ¢

{wh cos(Qt + @) = sin @, siny ¢
w3 = cosfy ¢ + P

AP UAE BR S
Vs T
Mﬂ=E—GM+ME—m+¢m a:z—%

BRNE = e, WA,

w;+Q
t) = t
DO =L gt + o

Bk, il B R A RAA A AT R 7 HON {60, Yo, o, w3}
(3) MR HEBZFEIRR

RN A B ELIA,
1 J sin @ siny J sin 6, sin(—Qt + )
( 2) = (] sin 6 cos 11)) = [ Jsin 8, cos(—Qt + P,)
3 Jcos@ J cos 6,

MAEEH AR, R

Vs
Lwy cos Qt +E_l’b° \

hwz V4
13w3 \Ila)h Sln Qt + > 1/)0 /

Lws
i BA
T
J sin 8, sin(—Qt + ) /hwh“” Qt+§“’¢°\
. _ D T
J sin B, cos(—Qt + ) | = I, sm Qt +—— 1/’0
Jcos 8, 2
w3
BRAREA
N Jsin 6, © _]cosHO
h 11 3 13
TRA
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w3 + 1 cos @ I;—1 1 -1
2 = {] 242 1]c0590}=]{—+:}=1

cos@, cosB,| I L I, Ll I
] BLAE S R AR {60, o, Po, JHE LA OLAR 73 5L
(6= —t + o
6 =
— 11)] cos 8,
Y= L + o
(4)  FEREIKRMEL
FEEHIR, HEBAEEA
13 - 11 13 I
Q= w3 = Jcos @
L7 L °
TRRPMAEE. AR E, DASIEE. FaEN
] sin 90 T
cos (Qt 57 1,[}0)
]s1n 6 . 4
! Sin (.Q.t E - 1/)0)
| J cos 90
s =
I = ] sin 6, cos (Qt + g - 1/)0)
T
I = J sin 8, sin (Qt +E_¢°)
= Jcos b,
1 2 /sin?0, cos?@
T=—(11wf+11w§+13w)_]—( °+—°)
2 L I3
2T I5 sin? 8, + I; cos? 8, L + 13+ (I, — I;) cos 26,

w2 TP 2sin26, +12cos2 0, ' CIZ+ 12 + (12 — I2) cos 26,
(5)  fEMRIE R

FEBE R I K SRER R, 28N

{ I3 =1 . J T
Wy = 21113 J sin 26, cos (Et + ¢y + E)

w, = cosp O + sin ¢ sin O - J n
wy:sin¢é—cos¢sin91[)=> Wy = 211 ]sm29051n<1 t+ ¢y +§>
. . 1
=¢+cosOy [ (I, + 1I3) + (I, — I3) cos 26,
(o = J
2015
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Jx=0
{]y=0
Iz =]

BT A BhETT M BYE R z-H, ] > 0, MIEBEENYE R S2-p) kM iEvME R
JwE + wi B (I3 — 1) sin 26,

(UZ - (11 + 13) + (11 - 13) Ccos 200

(6) A [52] i A0 2 [i] 53]

AAZ, B (WE (5) ATRIERGHREAD NS 3 Th (WHE ) NMierIRIAAD bLEE
BAESE] /1 SGez- S N BT e . BRBhE S M — MR (255 3 TRCh A E LIED
PRy 23 R TH -

FEERAR, AE LS 3-Hl A IE DA
Joi +wi I

= —tanf
w3 I y

P FEGE3-H LU QI (W, , 0y, w3 IFRIEFD 185 R AL PUE Aoy AR . A
e (EMBYERz-HhD 53-RKIfMN0,, FIREURMRQIRE (W), ), JsRRIERD .

SE RSN B 1% ROE B E, PrUAASER CRE, @) £ (e EEE

vYVY

TR MBIERTTE, BT RAEE =

B,

L. ASAHE A 2 [ HE T PN 8302 0, P IR B T AR R R A S, 25 i e A 22k E 7 (42
N HREH =R A EAMAEE IR R)

2. AT B ES [ E R ER RS R 2 /0 T IR AERAE NS Tl LIRS AT A TR ?

75~ LAGRANGE fEBE
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1. MRERRRHKE
SRR B BEAR SRR ke B FI BB U, {12 A0, AR R, = I, FROTE S =
z

2

b B E REE AL

XIFRPERRGE S 3 Hiheht, hiREAZ, Frelaxiirdes; st
Rz iERe, thRXFRAR . iRk E B, XA EE. W
REUX PR AL e 1250 8 B fp A s f pVE ) AR bR, XA
ARFRER AR AL AR o X FER I RRHL A1 2 B B Ak

MR SLIZ 272 E HhahRe, FIAFHiss B H gL,

w, = sinB cosy ¢ —siny § =

{wl = sinfsiny ¢ + cosy f
w3 =cosf ¢+

L= %Il(wf + w?) +%I3w§ -V
= %(92 + ¢?sin? 9) +%3(c056q'5 +1/))2 —mglcos0
A GEB B HNEISRE, 2 %0718 B3l TR I K

2. FRHNRKRE
REH 3B W E IR,

i HREARAY, p,yFiE,

Py = 13((3059(;[7 +1l)) =Lw; =];
i. FREAED, pyTiH,

Py = Lipsin? 0 + I;(cos O ¢ + 1) cos@ = I,psin? @ + J5cos 6 = |,

i, L REAER, HUREETE,
L . . 2
51(92 + $?sin? ) +2]—;+mglcosl9 =E
3
FH TP A <718 & AT A

. J,—Jzcos0
¢= I, sin? 0
1/',—]_3_12_]3“)59
I3 I, sin? 6
ARG X REE R
2 2
E= %1192 + —02211]:;2596) + mglcos 0 + 2]—;3

ILAF R BEL

3 E R XAHTHE G M T DR BRI EREsh. 2B ROHIK sz E,

ARPCEFEIRES (RRALA) L RE DL KIZEIIRE, 5E il e — .



2

U, —J3 cos )2 J3
Var(0) = 2222270 4 nglcos§ + 2
ern(0) & = ~nzg T mglcosO+ o

ERIARAEO = 0, TN IETE T .
H1) CRE R AR IA 3, EE PR = Bl ) A5 A R R B0

. 1 .
Lest(6,0) = 51192 — Vere(6)

3. Rf#

REAGH, R X AeEFE,

1
5119 + Veff(é?) =F

S
u=cosd = u=-0sind = 1 = 62%sin% 0
1192+w+m lCOSG+£=E
21 21, sin? 6 g 21,
2E J? 2mgl — Jau)?
= (2T gltu_uq_gLéLl
1 13 1 11

R R, B RE0(0): REIT1EG, pFRAN, BB HTH BB .

ERTES ROUIRIEIAR >, TR0k, TEBh T ER MR, KB .

4. EIMHTEHE
U= 04, BB,

2E ] 2mgl U, = Jsu)?
- def ( _— 75 2y Yz ‘S _
= f(u) <11 LL I u|(1l—u?) 2 =0

A=k ETA, =11,

fw)

1.0F

N ,

05}
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u - 4ooltf f(u) » +oo, Hf(1) <0, BHWAKTF 1, &5,
IS RAEL N IE,
+0=u+0
A A Ffy R T 0, BT
Juy € (—1,1),1%(ue) > 0 = f(ug) >0

M TRKMED = nhb b f(—1) < 0 CEIZFEIRRRSN) , dirpEE R, JrfEfE (-1, D XA H
HAMR CAREMRD , 7352 =sh MR E A 5 ME .

B REdaint, RS (u) = O EMR, XD W EA A ZOR? SRIZ s 3 .

5. %3 EHPPE
KR E L, 56 3 FHIMAES. B e, Kk
. Jz—Jzcos6
¢= I;sin20 a(6)

=R AR, FREITEEG € [6,,0,],
(1) VO € [0,,6,], ¢ = a(®) # OiF, 5 3 fhiE—J7 A mIHHESD CRIPITKIED

(2) a(6y) = 0]a(6;) =0, % 3 HHLLZ AR AL CGE=5KK, FIURREUR H B K
BRIt

(3) 36 € (64,6,),a(8) =0, WHIE B ML CGEIIHKED .

6. MEFPLR
R FF LA FE AR B HE R, ], = Jo5FIE.

FBREEMAL IR, XEFRIAREAS ~ OFFUTIFR B RIT, AT LLREERARBI ) 2% F
FEREB TR E RIS, Sks B H BER - e PR IR - KAz
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7. [BEIEAX*
SRR PEAR R FI R, FLEEEhEh AR AT 5 /388,

1
§I3a)§ > mgl

HI; /LA RNE.
BN RE, PRFEIRAUR X FRRRAL B IR . RIS RERIE S, AT DR H AR B

P& ANRFIR BTG 2 A ——DRod Pl R BR PR IR PR PEMRAT S PR, (ERE IR e B 3, AR
JERETREIR -

6(0)=0, =0 P0)#0
SR /IN 1 55 = BRI A R 2R F S T
i1
6(0) = 6,
BB /M

e K E B0, /N ES 0.4, 6 =0. itu, = cos;,u, = cos b,

2E 2 2mgl —su)? ) 2I;mgl
(——]—3— g 2)(1—u§)—wzol=>ul—uz— ! g(l—u)l
L L I h ]3 -
2E J3  2mgl 13 I3 w5
LTLL oL W Je=hscost) P ol T 2hmgl )
+/p? —4pu, +4 _ _
=>u%_Puz+Pu1—1=0=>u2=p p Pt AN _Pr p?—4pu, +4
2 2 2 =
u, <1
p > 1)
1 2
=>u2zul—5(1—uf)—p—zul(l—uf)+0(p'3)
el 2 WIGAR Lk, 3 FlEkN
BT IRFEER I =B A BTG RIR N, dw =u; —u,
2E 2 2mgl — Jou)?
ut = __]_3_ gu (1_u2)_M
L L, L 12
2E J3  2mgl
EhE R
) 2mgl J? 2mgl
= w? = 7 w{l — (u; — w)}—— 2=— ] {—w3 + 2u,w? +(1—u)w}——w
1 1
5 ngl z

1- uf)w—i—w +0(™?)
1
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— gy 3
w= I (1 —-u?) 2 w
—uH - 3
w(t) = Iz (1 u?) {1 cos (11 t)}
_ mgll, I3
u(t) =uy — Iz (1 u?) {1 cos (11 t)}
il 3 AN MO ) BN A 1% = M R EUGE -
BEZ) AT
. Jz—]3€080 j;=J5c0s6, ]3 cosf, —cos @ ]3 w
"~ I;sin%@ 11 sinZ 6 I1 1— (uy —w)?
P8,
AR Y _]3mglll_mgl
@)= }l_r’r"l"?fo pde = 11(1 - uf) }l‘r’ng wt Z J3 EYOR

R 4 IR, RS .

8. MEHEZB
BTSN T RIS, TN T e

V =—fi-B=uBcosf
JR - i Re S X PR E AR A e )RR KO AR, A T OREEER, P DUl s 2

mgl uB ethaZB eB

Js ]3 mwa®  2m

=SS Mot NIURANCRZE Y FICT
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Ny ERESERTHIEZES)

1. FRRFEIRBE R T B K E A e R
CHRIE CIEMIES%R) 1iEs).
AR T RURIE SRR P, AR TS

- - + N dFP d‘FOC dFCP
=17 T, - — — =
Prlocm iR g dt T de

L7 (1) & Foc (D RSH I, 7(8) & 7op ()2 FUSAN TR S % R . ALt
k&R, A

L dE L dR L die
v Vo = E, v = E’ Vo = dt
FIFAS R, R R (RshsE R, WiER)
=7 S dF’ + — X =1
UV —Vy = E w X7Tr

X XCEFEFFS 7 URrrs. BB, FUSAR TR R AR, IR R 2R
B=7+& X7+,
T LA s Bl 1 IR
L= %mﬁz AHE %m{(ﬁ — Do) + V)2 =V (t,7)
= %{(ﬁ — D)2 + 2 — V) - Uy + DG} — V(¢,7)

1 - - > o - -
= %{(v — Vo) + 20 - Uy — B2} = V(t,7)

1 . d
_ Em{(f+5><f’)2 — 27y + 2 (- By) —ﬁg}—V(t,f’)
Ho 7 (6), Bo () 2 AL, i ICRHIKRIE TR, 16 R BT LS H s

1 . 2
L= Em{(?+6 XF) " =27 - do} - V(£ 7)
. . 1
= Emf'z +mr- (@ X7) +Em(5><17)2 —mi-dy— V(t,7)
Hd), dy ()2 L Enm %
VRS LA AR S A5 0 2 i

ﬁ=m?+m(5x?)
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r .1 N 5
H= Emr2 —Em(w X2 +mi-dy+ V(7

1

= 5B = m(@ XM} = Sm(@ x ) +mi - do + V(£ 7)
ﬁZ

:ﬁ—p((/) XT)+mT"ao+V(t,7")

B T IRR R ST AR, B=TUNE O HEE (centrifugal potential energy) «
5] WRARIXEMRLIRRE. BERE, SHRTE. BEmTRE.

2. EHESHRIIEZEZ)
HTFHARIEH, G GPEM AR, TR S IR s BRI Ay

wy = 7.27221 X 10 °rad - s71

/e, HAP TR DR o P2 R R ) A s R T
1 52 S — e 1 — 2 > o - 1 52 S — - e
L =§mr +mr-(a)xr)+zm(wxr) —mr-ay,—V(,71) zzmr +mr-(wx7)—V(t7)

1 1
— (R —m(a X )2 — Zm(a x )2 > N LR — (2 X P)I2 >
H—Zm{p m(w X 7)} 2m(a)xr) +mr-dy+ V(¢ 7T) Zm{p m(w X 7))} +V(t,7)

— AT R 15 2R 5 [ i I 1], R R Ay, B EORZR (ENU ARRRD
Hu Bk E 5% RN

@ = (0, wq cos B, wg sin B;)

Horhgy 2 hbr i sl (37 10D T MEE.

R A EI 1Y,

1 . .
L=Em?2+m?-(5><17)—mgz
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1
H= ﬁ{ﬁ—m(axﬂ}z +mgz

3. MH

(ZIRESINTEEN
HCENU AF5, LZR. At EON=AMARBRAII T Ao H1F-0L/0t = 0, T I SCRE B R BRAIE .
o SR RE L A2 IHI 25 ) 1R 24

Lo 4 E=dt= |— " 47|
— = =7 =
5 mre +mgz 2E —mgD) 7

2 IR

V4
= f ’ {\/Zm(E —mgz){J1+x2+y?+m(@ x7) -?’} dz
Z1

J:itl:'j’

!

X

I
S&

g

f e WY
.y E—

dz
FATHHEE LR N R A TR TS . EISEd R woflx, %, y, y2I /N, R FHIRE R

B,

Zy Zy 1 1
f p-dr = f {wIZm(E —mgz) (1 + Ex’z + Ey'2> + mw, cos By (zx' — x)} dz
zZ VA

1 1

HEFRMIEI, LIEREA

Zy 72 (1
Wlx,y] = f p-di = j {EwIZm(E —mgz)(x'? + y'?) + mw, cos 8, (zx' — x)} dz
Z1 z

1

AR BT HHESE R I SR B B, SRl 2 2 ER 5

%{m;ﬂ + mw, cos 6, z} = —mw, cos b,
Vo = mgy =0
BT AR 5 i LT AR IR A
x(z=0)=0, y(z=10)=0, E=0
PO EOARNAY AV )
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{W/Z(—gz)x’ = —2w, cos b, z

y'=0

242 —z3
X =——wycosl, [—
3 / 9

y=20
A RRIIA R, 5 —/NERTEZITR 100m IR FH R,

6, = 31.8584°, g = 9.7947 m/s>
7% s 2R

2 6 2 2—00186
§a)0COS 0 7 = Uu. m

53] AR, AT R g 2

SR> AR 2 ) 0 S B o B SRV 4 ) L) A LT

Bl AGRHE
5HL ENU AAR . BEERTIIFRFR (LI, BLASAL TARAR IR . 484K, #87E(0,0, DAL, ZRTiFE
x24+y2+(z-D?=0P=x*+y*+2z2 =2z
1 R MARI x, y /NG, HARTFERZN 2 B/ hNE,
1
— 2 2
z= 2l(x +y%)
PrIRE A TFRE R 2 i/ B lw D, HRFEREx, yISELE, & Fwf i,
L =§m1é2 +mit - (@ X 7) —mgz
= Em(}'cz + 92+ 22) + mwy{x(ysin @, — z cos 8,) — %(ysinf, — zcos 8,)} — mgz
1 1m
~ Em()'cz + y%) + mw, sin 6, (xy — xy) — ETg(xz +y?)
YRR LA
Px = MX — Mw,sinfy y, Py = My + mw, sin 6y x
1 1m
H=pei+pyy—L=5m@*+y%) + ETg(XZ +y%)

! i . 2y 1mg
= %{(Px + mwy sin 6y y)? + (py, — mw, sin 6, x) } + ET(xz +y2)
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1 1
=—(pZ+ pf,) + om (% + w3 sin 90) (x% + y?) + wy sin 0, (yp, — xpy)

2m
i
H, =2i(p,§ +p2) +1mw2(x2 +y2), w? ‘*é‘g+w§ sin @,
m 2 l
H' = wgysin b, (ypx — xpy) = —wysinf, L,
H=H,+H', [Hy,H]=0
MAET

Hy 2 [, Ho (to, x (o), ¥ (to), Px (to), Py (£0)]
H & [, H' (t, x(£0), (£0), Px (to), by (£0)]
L, = [ x(t0)py (to) — y(£o)Px (t0)]
[F L] = (- X)7 = exp{§ - L}7(to) = R(P)7(to) (451)
1Et = to + T, AAbRIEHAL A

—~ t —~ t o~ ) ~ t
(ﬁ@=wmmxﬁ$}wmwn@ab=mm%pmg%wmugggb
BRI, TR TS AR {5 TR R (Coriolis) AHURM, 7EJbER, 27
TS B ) K 0 LA BB o, sim QIR . 76 o IEHB X, gk — B 278

2n

- = 45h28min
Wy Sin B,

Dept. Mod. Phy

2025.12.30
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jjzhu
单位部门，完整姓名，日期


fF #RNIEZESIF R ESH
H Euler Z4{(. Cayley-Klein Z%{. Hamilton Z%( %5, XEESH A w XHIR T SOB)HE5SU(2)
FEIFIZS

(1) 2 475 PR R
Pauli %[5 2 XN

a=( o= 9)o=( )
Ly (AR SR A = X2 [T 5% R e A,

0,0k = S Laxz + I€j30

O-]'O_k 0,

. 1 .
) L [JiJk] = gy

I, Hi Baker-Hausdorff A3, SO(3) = {R(IZ;) = e-if@}gsu(z) = {u(ﬁ) = e-i?ﬁ}aqa@gg;mu
seeAE GERFEZS) o ATRAH 2 4B MR oR i 50,

u= (_CZ* f*), aa* +bb* =1

u@ - Hut=RW7) -7

1 .
=(a*+a** —b?>—b*?) —%(a2 —a?+b%?—-b*?) —(ab+a*b?)

2
R =i 1
= R E(a2 —a*? —b%+b*?) E(a2 +a?+b%+b*?) i(a*b* — ab)
a*b + ab” i(a*b —ab*) aa* — bb*
(2) EUuLER %
N HT
u(ﬁ) — e i7V = cos%l2><2 —i(6-7n) sin%

cosﬂ—in sinﬂ (=in, —n )sinf
2 N2 v

. Y oo Y
(—iny +ny) sin— cos— +ing sin

ATLLAS 5] 33 Euler 23 (Goldstein 3ed., p155)

ey = C0s 7, e; = —n;sin— e +é2=1,

4 i’iu=((c1 Z) detu=1=ad—bc=1lutu=1=ab* +cd*=0,lal®>+|c|>?=1,|b]>?+|d|?=1. 0 =

d(ab* + cd*) = (1 + bc)b* + c|d|? = b* + c(|b|?> + |d|?) = b* + ¢ = ¢ = —b*. 0 = b(ab* + cd*) = a|b|? +
(ad—1d*=a(b]?+1|d|?) —d*=a—-d*>d =a".
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ey ties e,+ie
u= . .
_ez + lel eo - 163

X L PR Bl R R A
eg + 312 - 322 - e% 2(ese; + ege3) 2(e1e3 — egey)
R(eg,e1,e5e3) =| 2(eje; —ege3) ef —ef +ef —es  2(eyes +ege;)
2(eje3 + egey) 2(eze3 — epey) eg - ‘312 - 322 + e_%

(3) CAYLEY-KLEIN S %]
(Goldstein 3ed. P155)

uz(;}/{ g), uesSi)ed=ay=-pad—-By=1

FeEh e

(3@ 48 =gy —3@= 4=y —ap s
Rabr®=l L gt proys) L@r+st+pey) —iG5+ap) |
B& — ay i(BS + ay) ad + By /
(4) DU
Hamilton S EIHE Pauli K45 M 21 DY o4k,

def

q = qo + qiiy + Qi + g3i;
Iipw L GRE RS

ijiy = =8k + gl
55 Pauli R 2RI HLN EL A

O']'O'k = 5}]{ + lgjklo-l

i, & —ig;, FiTLA
a b . .
qH(_b* a*), a=4qo—qsi, b=-q—qi

u(P) = cos%12x2 —i(7-7) sin% = qo = cos—,q; = —1 sin%, lqI> =1
B 3 4= (0] (¥ 5 30 5 AT 1 DU T 00T B, RS B oxt 2 DY T80 ek
AR S YT BN R RN
a+ai —a;—ai  2(q1G2 +40q3)  2(q193 — Goq2)

R(@) = 2(q19:—q093) aé—ai+d5—a; 2(q.q5 + qoq1)
2(q1q3 + 9092) 2(q295 — qoq1) a6 — a9t — a5+ a3
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