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10. 一个哈密顿系统的正则函数是

H =
p2

2
+

x2

2
+ apx

利用泊松括号求级数解。

Solution

[x,H] = p+ ax, [p,H] = −x− ap.

[[x,H], H] = [p+ ax,H] = (a2 − 1)x,

[[p,H], H] = [−x− ap,H] = (a2 − 1)p.

由此得递推关系:
d2n+1x

dt2n+1
= (p+ ax)(a2 − 1)n

d2nx

dt2n
= (a2 − 1)nx

对 p 也同理。由泰勒展开：

x(t) = x0

[
1 +

(a2 − 1)t2

2!
+

(a2 − 1)2t4

4!
+ · · ·

]
+ (p0 + ax0)

[
t+

(a2 − 1)t3

3!
+ · · ·

]
.

p(t) = p0

[
1 +

(a2 − 1)t2

2!
+

(a2 − 1)2t4

4!
+ · · ·

]
− (x0 + ap0)

[
t+

(a2 − 1)t3

3!
+ · · ·

]
.

即：

x(t) =


x0 cos

(
t
√
1− a2

)
+

p0 + ax0√
1− a2

sin
(
t
√
1− a2

)
, a2 < 1,

x0 cosh
(
t
√
a2 − 1

)
+

p0 + ax0√
a2 − 1

sinh
(
t
√
a2 − 1

)
, a2 > 1.

p(t) =


p0 cos

(
t
√
1− a2

)
− x0 + ap0√

1− a2
sin

(
t
√
1− a2

)
, a2 < 1,

p0 cosh
(
t
√
a2 − 1

)
− x0 + ap0√

a2 − 1
sinh

(
t
√
a2 − 1

)
, a2 > 1.
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11. 计算

[L2, Lk] =? [xj, Lk] =? [pj, Lk] =? [x2, Lk] =? [p2, Lk] =? [p⃗ · x⃗, Lk] =?

Solution

1. [L2, Lk]

角动量平方 L2 与角动量分量 Lk 的泊松括号为：

[L2, Lk] =
3∑

i=1

[L2
i , Lk] = (Li[Li, Lk] + [Li, Lk]Li) .

下面证明角动量的泊松括号关系：

[Li, Lk] = [εijlxjPl, εkmnxmPn]

= εijlεkmn[xjPl, xmPn]

= εijlεkmn(Plxmδjn − xjPnδml)

= (δikδlm − δimδkl)Plxm + (δikδjn − δinδkj)xjPn

= xiPk − xkPi

= εikmLm

得：

[L2, Lk] = (LiεikmLm + εikmLmLi) = 2εikmLiLm = 0

最后一个等号是因为 εikm 对指标 i 和 m 反对称，而 LiLm 对称。

2. [xj, Lk]

[xj, Lk] = εkmn[xj, xmpn] = εkmnxmδjn = εjkmxm.

3. [pj, Lk]

类似地：

[pj, Lk] = εkmn[pj, xmpn] = εkmn(−δjm)pn = −εkjnpn = εjknpn

4. [x2, Lk]

[x2, Lk] =
∑
i

[x2
i , Lk] = 2xi[xi, Lk] = 2xiεikmxm = 0

5. [p2, Lk]

类似地：

[p2, Lk] =
∑
i

[p2i , Lk] = 2pi[pi, Lk] = 2piεikmpm = 0.
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Solution

6. [p⃗ · x⃗, Lk]

[p⃗ · x⃗, Lk] = [pixi, Lk] = (pi[xi, Lk] + xi[pi, Lk]) .

代入前结果：

[p⃗ · x⃗, Lk] = (piεikmxm + xiεikmpm) = εikm(pixm + xipm) = 0
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